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Abstract 



> 

^T) • AdS/CFT induced quantum dilatonic brane- world where 4d boundary is 

flat or de Sitter (inflationary) or Anti-de Sitter brane is considered. The clas- 
sical brane tension is fixed but boundary QFT produces the effective brane 
tension via the account of corresponding conformal anomaly induced effective 
action. This results in inducing of brane- worlds in accordance with AdS/CFT 
set-up as warped compactification. The explicit, independent construction 
of quantum induced dilatonic brane-worlds in two frames: string and Ein- 
Q-i, stein one is done. It is demonstrated their complete equivalency for all quan- 

(— 1 \ turn cosmological brane-worlds under discussion, including several examples 

of classical brane- world black holes. This is different from quantum corrected 
4d dilatonic gravity where de Sitter solution exists in Einstein but not in 
Jordan (string) frame. The role of quantum corrections on massive graviton 
perturbations around Anti-de Sitter brane is briefly discussed. 
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I. INTRODUCTION 



Brane-worlds are alternative to the standard Kaluza-Klein compactification. They nat- 
urally lead to the following nice features of mutli- dimensional theory like trapping of 4d 
gravity on the brane Jl| , resolution of hierarchy problem and possibly resolution of cosmo- 
logical constant problem. Different aspects of brane-world cosmology (for very incomplete 
list of references see are under very active investigation. 

The essential element of original brane-world models is the presence in the theory of 
two free parameters (bulk cosmological constant and brane tension, or brane cosmologi- 
cal constant). These parameters are fine-tuned (up to some extent) in order to construct 
the successful classical brane-world. This is most standard prescription which may be not 
completely satisfactory if one wishes to have the dynamical mechanism of brane tension 
origin. 

From another side, one can fix the classical action on AdS-like space from the very be- 
ginning with the help of surface terms added in accordance with AdS/CFT correspondence 
Q. Such terms should make the variational procedure to be well-defined and also they 
should eliminate the leading divergence of the action. Brane tension is not considered as 
free parameter anymore but it is fixed by the condition of finiteness of spacetime when brane 
goes to infinity. In this parameters are fixed the consistent brane-world scenario is 

impossible, as a rule. However, other parameters may improve the situation when quantum 
effects are taken into account. Taking quantum CFT (including quantum gravity!) on the 
brane one adds its contribution (the corresponding conformal anomaly induced effective ac- 
tion) to the total action. As a result, it changes the brane tension, the quantum induced 
brane-world occurs as it has been discovered in refs. |J|6|]. Actually, this represents the em- 
bedding of warped compactification (brane-worlds) to AdS/CFT correspondence, hence one 
gets AdS/CFT induced quantum brane-worlds [^,0 where 4d boundary may be flat or de 
Sitter or Anti-de Sitter spacetime. This is clearly the dynamical mechanism to get curved 
brane-world. It is easily generalized for the presence of non-trivial dilaton, i.e. AdS/CFT 
induced quantum dilatonic brane-worlds occur . In other words, brane-worlds are the con- 
sequence of the presence of quantum fields on the brane in accord with AdS/CFT set-up. 
Moreover, such induced dilatonic brane-worlds are even more related with AdS / CFT corre- 
spondence as 5d dilatonic gravity represents the bosonic sector of 5d gauged supergravity 
(special parametrization). Even more, the dynamical determination of 4d dilaton occurs. 

In the study of quantum induced brane-worlds, in the same way as for any other dilatonic 
gravity the following question appears: which frame to work with is the physical one? 
There are two convenient frames: string (or Jordan) one where scalar curvature explicitly 
couples with dilaton and Einstein frame where scalar curvature does not couple with dilaton. 
Basically speaking, one should expect that results obtained in these two frames are not 
equivalent. 

Indeed, in QFT the choice of different variables and (or) form of action corresponds to 
different parametrizations. QFT results are parametrization dependent, only S-matrix is 
gauge and parametrization independent. (Even the quantization procedure (for review, see 
H) is parametrization dependent.) As usually the consideration is one-loop ,one should 
expect in many cases the explicit parametrization dependence. Moreover, it is known that 
even for classical dilatonic gravity the (singular) solution may exist in only one parametriza- 
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tion. Hence, the question of frame dependence should be carefully analyzed for all solutions 
at hands. This is the main purpose of the present work: to compare string frame quantum 
induced dilatonic brane-worlds with their analogs in Einstein frame. 

In the next section as the simple example, 4d dilatonic (Brans-Dicke) theory with large 
iV quantum spinor corrections is considered. In the Einstein frame where spinor is dilaton 
coupled one the de Sitter Universe solution with decaying dilaton exists. Working with the 
same theory in string (Jordan) frame where spinor is getting minimal, one finds that above 
solution does not exist. Hence, it is shown that two frames in 4d dilatonic gravity with 
quantum corrections are not equivalent. 

In third section we consider 5d dilatonic gravity action with 4d boundary term induced by 
conformal anomaly of brane, dilaton coupled spinor. Explicit examples of de Sitter, flat and 
Anti-de Sitter dilatonic branes are constructed in Einstein frame. The dynamical mechanism 
to determine the dilaton on the brane is presented. In section four the same investigation is 
done in string frame. Brane spinor is now minimal. The same AdS/CFT induced quantum 
brane-worlds are proven to exist. Hence, for quantum corrected cosmo logical dilatonic brane- 
worlds one has the equivalency of string and Einstein frames. 

In fifth section the equivalency of string and Einstein frames is demonstrated for number 
of classical dilatonic brane-world black holes. In section six some remarks on massive gravi- 
ton modes around dilatonic AdS4 brane are made. The role of brane quantum corrections 
for massive graviton modes is clarified. Brief summary and some outlook are given in final 
section. 

II. JORDAN AND EINSTEIN FRAMES FOR 4D QUANTUM CORRECTED 

DILATONIC GRAVITY 

In the study of dilatonic gravities the interesting question appears: which frame among 
few possible ones is the physical one? Basically speaking, there are two convenient frames to 
work with: string (or Jordan) frame and Einstein frame. These two are related by conformal 
transformation. The best known example is provided by the standard Brans-Dicke theory 
(with matter). The 4-dimensional action in the Jordan frame is: 



where is the Brans-Dicke (dilaton) field with uj being the coupling constant and Sm is the 
matter action. 

Performing the following conformal transformation and a redefinition of the scalar field 




(1) 




2u + 3 > . 



(2) 



one gets the action in the Einstein frame 



S 



I 



d A x^J-g(x) 



R 



i(V M 0)(V^)+exp(A0)L M (^) 



(3) 
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where A 



2uj+3 



. It is expected that these two actions (at least for regular solutions) 
should lead to equivalent results. However, the explicit consideration shows that it is not 
always so (for a review, see ||). That is why it was argued in ref. |§ that it is Einstein 
frame which is physical one. Of course, such state of affairs is not satisfactory. 

In quantum field theory the choice of different variables corresponds to different 
parametrizations. It is known that generally speaking it leads to parametrization dependent 
results: it is only S-matrix should be the same in different parametrizations. Of course, 
this should be true only in complete theory where account of all loops is taken. As usu- 
ally the consideration is one-loop, one should expect parametrization dependence already at 
one-loop. 

Let us consider the explicit example in Einstein frame where quantum corrections are 
taken into account. As matter Lagrangian we take the one associated with N massless 
(Dirac) spinors, i.e. L M = There is no problem to add other types of 

matter (say scalar or vector fields). The above choice is made only for the sake of simplicity. 

We shall make use of the EA formalism (for an introduction, see ||10|| ). The corresponding 
4d anomaly-induced EA for dilaton coupled scalars, vectors and spinors has been found in 
Refs. [TJ. 

Hence, starting from the theory with the action (no classical background spinors) 



S 



d A X\f—g 



R 



N 



16vrG 2 
we will discuss FRW type cosmologies 

ds 2 = -dt 2 + a(t) 2 dl 2 



(V^)(V^) + exp (Acf>) ]T^7 M V^ 



(4) 



(5) 



where dl 2 is the line metric element of a 3-dimensional flat space. 

The computation of the anomaly-induced EA for the dilaton coupled spinor field has 



been done in |TT|1, and the result, in the non-covariant local form, reads: 
W = 



d Xy 



g\bFai + 2b 'o x U 2 + 2R fiV V fi V 1/ - ~RD + ^(V^R)V A 

2 



2 = 



I *l ' " " 3 3 



0"! 



+ b'a l (G - InR) - 1(6 + b') [R - 6Da x - 6(V M a 1 )(V^ 1 



(6) 



where <j\ = a + A(p/3, the square of the Weyl tensor is given by F = R flupa R flupa — 2R flu R^ lJ + 
|i? 2 and Gauss-Bonnet invariant is G = R^paR^ 9 " — AR flu R t±u + R 2 . For Dirac spinors 
h — 3N h 1 = 11N 

U 60(4tt) 2 ' U 360(4tt) 2 " 

Then we find the following Einstein frame, quantum-corrected solution whose metric is 



expressed in Jordan frame as 

ds 2 = a 2 j(r]) f-df] 2 + rf/ 2 ) 




2u + 3 
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2cj + 3 



(7) 



Here a is an arbitrary constant. On the other hand, one finds the dilaton field 0j in the 
Jordan frame as 



1 / 16ttG 1 

= <M Hl V-+3 =^(f- 1 ) , 0o = ^. (8) 

Let us analyze the equations of motion in the Jordan frame (for the form of transforma- 
tion to string frame see section 5). The variations over and a give the following equations: 

Q = Q{a" + a' 2 )^-^ r ^-2u[^-\ , (9) 

= T M6fa" + a' 2 W^ ,: 




+46 V" - 4 (b + b') | (a" - a 12 )" + 2 (a 1 (a" - a' 2 ))'} . (10) 



Here ' = -f. We can check that the solution fl7|) and (§) does not satisfy (§). If the solution 
in the Jordan frame would be equivalent to that in the Einstein frame even in the quantum 
level, we should have o\ = oj = In aj but we have o\ = a + = a — | In Gcj) j and 
a j = o — |lnG0j. This is an origin of the inequivalence. Thus, it is demonstrated that 
for the Universe model under consideration the Jordan and Einstein frames in 4d dilatonic 
gravity with quantum corrections are not equivalent. Different parametrizations lead to 
different results (parametrization choice dependence). The physical results are expecting to 
be the same only for S-matrix in full theory (non-perturbative regime). 

III. INFLATIONARY DILATONIC BRANE- WORLD UNIVERSE IN EINSTEIN 

FRAME 

In this section we present the review of quantum induced dilatonic brane-worlds found 
in ref. 0. The model is discussed in Einstein frame and using euclidean notations. This 
scenario represents the extension to non-constant dilaton case the earlier scenario of refs. 
IIU where quantum brane-worlds were realized in frames of AdS/CFT correspondence, by 
adding quantum CFT on the brane to effective action. 

We start with Euclidean signature action S which is the sum of the Einstein-Hilbert 
action Seh including dilaton with potential U(0) = 4f + $(0), the Gibbons-Hawking 
surface term Sqh, the surface counter term Sif\ 



1 We use the following curvature conventions: 
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S — Seh + 5gH + 2Si, (11) 

1 r / 1 12 \ 

Seh = J d 5 x^ (%) - -V^V^ + ^ + $(0)J , (12) 

^ GH = 8?rG f ^V^W^a* 71 '*' ( 13 ) 



Si 



Here the quantities in the 5 dimensional bulk spacetime are specified by the suffices (5) and 
those in the boundary 4 dimensional spacetime are specified by (4). The factor 2 in front 
of 5*i in ( |TTD is coming from that we have two bulk regions which are connected with each 
other by the brane. It is clear that above representation corresponds to Einstein frame. In 
(|TB|), is the unit vector normal to the boundary. 



A. Bulk solutions 

In this subsection, we find some explicit solutions in the bulk space. 
We now assume the metric in the following form 

ds 2 = f(y)dy 2 + yj^ g^dxW, (15) 

i,j=0 

and depends only on y: <fi = 4>{y). Here is the metric of the Einstein manifold, which is 
defined by = where is the Ricci tensor constructed with g^ and k is a constant. 
Then we obtain the following equations of motion in the bulk: 



3 2kf 1 (d<p\ 2 {6 



2y 2 y 4:\dy J \l 2 



+ \m) f, (16) 



It is convenient to introduce the new coordinate z 

dy^ffiyj. (18) 



R 



R 



R: 



ppv 



R 



pXu 

pp,v 1 x pu,p 



-pj? -pA _j_ -nr? -pA 
x pp^ vr\~ x pu 1 - pr\ 



1 p\ 



2 9 



(flW.A + 9x 



u,p 



9pX,u) 
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By solving y with respect to z, we obtain the warp factor l 2 Q 2A ( z ^ k ) = y(z). Here one assumes 
the metric of 5 dimensional space time as follows: 

ds 2 = dz 2 + e 2A ^g llv dxi x dx v , g^dx^dx" = I 2 [da 2 + dQ 2 3 ) . (19) 

where dQ 2 corresponds to the metric of 3 dimensional unit sphere. Suppose that A(z, a) can 
be decomposed into the sum of z-dependent part A(z) and cr-dependent part and therefore 
l 2 e 2A ^g^ u = e 2A ^'^g,j, v . Then for the unit sphere (k = 3) 

A(z,a) = A(z,k = 3) - In cosh <x , (20) 

for the flat Euclidean space (k = 0) 

A{z, a) = A{z, k = 0) + a , (21) 

and for the unit hyperboloid {k = —3) 

A(z,a) =A(z,k = -3) -lnsinho- . (22) 

When <3?(0) = 0, there exists the following AdS-like solution of the equations of motion 
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d-l 

ds 2 = f(y)dy 2 + y 9ij(^ k )dx i dx j 

i,j=0 

d(d-l) 



f 



VA 2 (l + ^ + ft 
cjdy 



d{d - 1] (23) 



\l V +2 A 2 (l + s&r + 



kd 
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Here A — -p. 

When $(0) 7^ 0, by using ( |T6| ) and (0), one can delete / from the equations and we 
obtain an equation that contains only the dilaton field 0: 

5k k 2 ( d<p\ 2 / 3 y 3 f d(f)\ \ f 6 



y 2 (2k 6 U /jN \d 2 (3 y 2 f d(f)\ 2 \ ± . 

+ T(7 + P + 5* W )^ + (3-|(^j (24) 

We now consider a solvable case where 

6 1 2k 

P + 2* (W = ~ ' (25) 

The explicit form, or dependence, of $(0) can be determined after solving the equations 
of motion as the following 
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= ±VQ\n(m 2 y) . (26) 

Here m 2 is a constant of the integration. The explicit form of $(0) is: 

12 i 

$(0) = __ - 4:km 2 e T vn . (27) 
One can also find that Eq . (|T6|) is trivially satisfied. Integrating ([T7|) , we obtain 



/ - 1571 • ( 28 ) 

9 "T" 



Here /o is a constant of the integration and fo should be positive in order that / is positive 
for large y. There is a (curvature) singularity at y = 0. One should also note that when 
k > 0, the horizon appears at 

y 3 = vl^ (29) 

and we find 

y < yo ■ (30) 



B. Brane solutions 



In this subsection, we investigate if there is a solution with brane including the quantum 
correction from iV massless brane Majorana spinors coupled with the dilaton. For simplicity, 
only the case that the potential is constant. 

On the brane, one obtains the following equations by the variations over A and (ft: 



"-isg^-t-s*^ 8 ' (31) 



With ( |27|) and the solution (p8|) , these equations look 




1 /(J 2/l-/1^ l kl ; . 

° = ^ ™ ~ ~9~ " 21 + 3^2 ' (33) 



o = l/^- — + *F- (34) 

Here we assume that the brane lies at y = y or z = z . The radius R of the brane is defined 
by R = e A(zo l Eq.(||) tells that k < but by combining (H) and (H), we find R 2 = ^. 
Then there is no consistent classical solution. 

We now consider the case that the matter on the brane is some QFT like QED or QCD. 
Of course, such a theory is classically conformally invariant one. As an explicit example in 
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order to be able to apply large iV-expansion we suppose that dominant contribution is due 
to iV massless Majorana spinors coupled with the dilaton, whose action is given by 



S 



N 



(35) 



The case of minimal spinor coupling corresponds to the choice a = 0. Note that from 
Brans-Dicke theory consideration one knows that for Einstein frame the non-minimal dilaton 
coupling with the matter is the typical case. Then the trace anomaly induced action W has 



the following form pT| : 

W = bj d A x^FA 1 
+6' [ d 4 x {At 



+ [G 
1 

~12 



2D S 



■OR )A 1 



R^VpVv - ^RC 2 + |(V*i2)V A 



A 1 



(36) 



b" + tt(6 + b') 



d x 



R-%nA l -Q{V„A l ){V^A 1 ) 



1'2 



Here 



and 



A 1 = A + 



3N 



60(4tt) 



6' 



11N 



360(4tt) 



(37) 



(38) 



We also choose b" = as it may be changed by finite renormalization of classical gravitational 
action. In (p6|), one chooses the 4 dimensional boundary metric as 



6 9fj.fi 



(39) 



and we specify the quantities given by g^ v by using . G {G) and F (F) are the Gauss-Bonnet 
invariant and the square of the Weyl tensor, which are given as 

G = R 2 -AR ij R^ + R im R^ kl , 



1 



F = -R 2 
3 



are 



2R ij R i i + R ljkl R llkl , (40) 
For simplicity, we consider a constant potential ($(0) = 0) case. Then brane equations 

48Z 4 

-4(6 + 6') (%A 1 + 20l\ -m<lAf<)U, ] 
4 
3' 











d z A - e 4A + 6' (4^Ax - 16^Ai 



/ ^ e 4A d z 4> + \ab' (4%A 1 - 16^ 



8ttG 



(41) 
(42) 
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Then one gets 




/V -iK^ + sb', (43) 



?>R 2 2AR 8 

° = -^G + 32ab '- (44) 

Note that for minimal spinor coupling the second equation does not have a solution. Eq.i 
can be solved with respect to c: 



c 



32 x 8irGab', (45) 



but the boundary value <fto of becomes a free parameter. 

We should also note that in the classical case that b' = 0, there is no solution for fl43|) 
and (@). From Eq.(||), we find c = if b' = 0. Then if we put c = and V = in @, 
there is no solution. 

When the dilaton vanishes (c = 0) and the brane is the unit sphere (k = 3), the equation 
([EJ) reproduces the result of ref. for A/" = 4 SU (N) super Yang-Mills theory in case of 
the large N limit where b' is replaced by ~ 



4(4tt) 2 



Z 3 V l 2 l 4 8tt/ 
Let us define a function F(R,c) as 



i? 3 # 2 R 4, GN 2 , , 

— Vl + IT = — + ^T7F- ( 46 ) 




F ^ C ^^lV 1+ 3^ + 24^- 1 l i24 ' ^ 



= ^2 + - in* ■ ( 48 ) 



which appears in the r.h.s. in P^). 

For the /c > case, -F(-R, c) has a minimum at R = Rq, where Rq is defined by 

8kl 2 k 2 l A 2l 2 c 2 

qd2 p4 o p8 

When > 0, there is only one solution for Rq. Therefore F(R, c) in the case of k > (sphere 
case) is a monotonically increasing function of R when R > Rq and a decreasing function 
when R < Rq. Since -F(-R, c) is clearly a monotonically increasing function of c, we find for 
> and V < case that i? decreases when c increases if i? > Rq, that is, the non-trivial 
dilaton makes the radius smaller. We can also find that there is no solution for R in (|43|) 
for very large \c\. 

We can consider the k < case. When c = 0, there is no solution for R in (^3|) . We can 
find, however, there is a solution if |c| is large enough: 

>-86\ (49) 



7tGV24 

Hence, for constant bulk potential there is the possibility of quantum creation of a 4d 
de Sitter or a 4d hyperbolic brane living in 5d AdS bulk space. This occurs even for 
not exactly conformal invariant quantum brane matter. This finishes our consideration of 
quantum induced dilatonic brane-worlds in Einstein frame. 
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IV. QUANTUM INDUCED DILATONIC BRANE- WORLDS IN STRING FRAME. 

We now transform the brane- world action in the Einstein frame (see fllTD) into the Jordan 
frame. If we consider the scale transformation 

Qnv -> ePg^ , (50) 

with the choice 

e ( —~ l ) p = acj) , (a is a constant) , (51) 

we find that the actions (|T2|), ( p~3| ) and ([14]) are transformed as 

1 f I Act a 

Seh = J d 5 x^ ia<pR {5) + — V M 0V^0 - -0V^V^ 



+ (f + $(0) )(«#), (52) 



Sen = J d 4 xa4>^/g^V^ , (53) 



A. Bulk solution in the string frame 

In the bulk, the variation over gives the following equation of motion: 
= aR {5) - S<^<W - |d„ W + | + $(0)) 

+$'(0) (a# - yV M + «V M (0^0) . (55) 

On the other hand, the variation over the metric g^ u gives 

= ~ (a0i? (5) + ^d^dy - |09 M 0^0 + + $(</>)) ("#) 9{^u 

Act a 

+—d ll (j>d v (l) - -dydy . (56) 



Thus, one gets the bulk equations of motion in string frame. Using flog) , we have 



3 / Aa a 

5 /12 



o v /2 +$(0))(a0)«+4aD0. (57) 
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Substituting ( j57|) into (|55D and (0), one obtains 



O = aV M (0<9>) + $'(0)(a0) 3 (58) 



a 



1/12 \ s 4a a 

+ 3 + J 3(5)^ + ^I d ^ d ^ ~ 2 (j)9 ^ dv(j) ■ (59) 

First, let us consider $(0) = case. In the Einstein frame, the solution is given by ([23"|). 
The metric in the Jordan frame is obtained with the help of ( p0|) and fl5T|), or more 

explicitly 

9%)^%^ dx v = (a</>)~ 3 | f(y)dy 2 + y 9ij(x k )dx l dx J 

\ i,j=0 

f 



Mi 

3.y 



dy — ; 1 • (60) 



One can check directly that the metric fl60|) satisfies Eqs. (|58D and (p9|). Although the clas- 
sical bulk solution in the Einstein frame is equivalent to the one in the Jordan frame, the 

_ 2 

physical interpretation of the spacetime is changed due to the factor of (ac(p) 3 . Since the 
transformation is conformal, the causal structure of the spacetime is not changed, especially 
the situation that there is a curvature singularity at y = is not changed. When y — > oo, 
however, the spacetime is not asymptotically AdS but the metric behaves as 

g^dx^dx" ~ 3 (J^dy 2 + y r * £ g tJ (x k )dx*dx^ . (61) 

If one defines a coordinate z by 



i 

acl\ 3 31 2 . . 

Xj 4^' (62) 



the metric in ( ETI ) is rewritten by 



acA 2 /4,2\ 



3 



^cfc^d^~d2 2 +(— J (^J _£&(atyk;W. (63) 



Then the warp factor behaves as the power of z, instead of the exponential function in 
Einstein frame. 

One can also consider the case that the dilaton potential + $(0) is given by (p7|). 
Using the relation floTf ) and (|5T|) between the Einstein frame and the Jordan frame, from 
(E6|) and (|28|), we find the following solution: 



12 



2 / 1 3 



gf^dx^dx" = (±av / 61n(m 2 y)) 1 _^ dy 2 + y ]T g i3 {x k )dx l dx 3 
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iv^ln^ 2 ?/) . (64) 



One can again check that the above solution satisfies Eqs. (|58|) and (|5^). Then the above 
result is equivalent with that in the Einstein frame. Comparing the obtained metric with 
that in the Einstein frame in (HE) and (E8I), there appears the factor of the logarithmic 



function of y, coming from the conformal transformation. In other words, the interpretation 
of lenghts in both frames is different while solutions are equivalent. 



B. Brane solutions in the string frame 

Having proof of explicit equivalency of bulk solutions, one can analyze the brane. From 
the actions in (|52|) , ([53]) and (0), the variation over (p gives the following equation on the 
boundary 

l 4 e 4A i f 8a \ 

= ^G{{W a - a *T>* +Sad ' A 

~T (l + 1^) {aMi ~ i*' 1 * (a ^} ' (65) 

Here we choose the metric as in (O) and 0o is the value of <p on the boundary. The variation 
over A gives the following equation 

= ^e 4A (acf> d z A + |«9^ - ~ (j + ~<&(0)) Mo) 1 ) • (66) 

The coordinate z and A in the warp factor are related with those in the Einstein frame, ze 
and Ae by 

dzE = (a(fi)3 dz , Ae = A H — In (acj)) . (67) 

3 

Then Eqs. (|65D and (^) are rewritten as 

= \-d ZE <P + a («0 O ) [8d ZE A E - — I y + -$(0)J 

-^'(0))} (68) 

0^e-{^-l(^ + >)}. (69) 

Combining ( |6"8"D and (|H^), we obtain 

Z 4 e 4j4fi f Z 1 
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The obtained equations fl69|) and ([70]) are identical with the corresponding equations (|31 
and ([32|) without the quantum correction, respectively. 

Choosing the metric of 5 dimensional space-time as in (|T9|): 



dz 2 + e 2AM g IIU dx^dx u , g^dx»dx v = I 2 (da 2 + dfif) , 



(71) 



where dVl\ corresponds to the metric of 3 dimensional unit sphere, we now include the 
quantum correction as in (|36|): 



W = b J d A xygFA 
+b' I d 4 x(A 



2D 2 + iVV M V„ - ^RO 2 + ^(V^)V M 



A 



+ {G--OR)A 

-r 2 { b " + > +b ^ 



(72) 



d A x 



i?-6nA-6(V M A)(V M A) 



Note that as typically in Jordan frame there is no non-minimal dilaton coupling with matter 
we took minimal spinors, i.e. a = 0. Then one obtains the following brane equations (instead 
of (BE) and (m): 







Z 4 e 4A 




8a 


8ttG 


!( 


30o 


4a 




/ 

+ 4 







'0 "zS 



+6' (4d 4 a A - 16d?A) 

-4(6 + b') (d^A + 2<9^ - 6{d a A) 2 d 2 a A 

48Z 4 iA ( . „ . a „ , 1/6 Z 
r 

167TG 



a0 o <^A + — 9 a 



6 \ Z 4 



$(0) (a0 o ) 3 



4 



(73) 



(74) 



For $(0) = case, substituting the solution in (|60|), one finds 
1 











1 + 



kP 



Pc 2 



kGI [\J 3(a0 o )3i? 2 24(a0 o )^ 8 
+86', 



1 WnPff 



c 



87TG 

1 



+ 



7TI 



fcZ 2 



Pc 2 



+ 



rG ^o 3(a0 o )^ 2 24(a0 o ) 3 # 8 

Combining ( |75|) and ([76]), one gets 
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-1 (a0 o )^ 4 



(75) 



(76) 



Eq. (fT7D has non-trivial solution and can be solved with respect to 0o : 



(78) 



In the classical case that b' = 0, there is no solution for (75|). Let us define a function F(R, c) 
as 



F(R,c) ' 



kl 2 l 2 c 2 
1 + 2 + 1 1 } (e*0o) s R A , (79) 



nGl {\ 3{a<f)o)3R 2 24{a<f) )3R 8 

It appears in the r.h.s. in (fT5p. 

For k > case, F(R,c) has a minimum at R = Ro, where i?o is defined by 

Ski 2 k 2 l A 2l 2 c 2 , . 

= a + , B . (80) 

3(a0 o ) 3 i2§ Wo) 5 ^ 3(a0 o ) 3 ^ 

When > 0, there is only one solution for Rq. Therefore F(R, c) in the case of k > (sphere 
case) is a monotonically increasing function of R when R > Rq and a decreasing function 
when R < Rq. Since -F(-R, c) is clearly a monotonically increasing function of c, we find for 
k > and 6' < case that decreases when c increases if R > Rq, that is, the non-trivial 
dilaton makes the radius smaller. 
Since one finds 



2 



kl (gct> Q )zRl 

F (Ro,c)- , (81) 



using ( |79|) and (|50|), Eq.(|75|) has a solution if 

< -86' . (82) 



kl (a0 o ) 3 -Rq 



4ttG 

That puts again some bounds to the dilaton value. When |c| is small, using (§T]), one obtains 



„ 2c 2 (a0 o ) _l P/D 1 



Therefore Eq. (j32"l) is satisfied for small |c|. On the other hand, when c is large, we get 

6 c 2 (q0 o )-t (fc|c|)t 
i? ^— , F^c)-^-^. (84) 

Therefore Eq.(|82]) is not always satisfied and we have no solution for R in (|43|) for very large 
\c\. 
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We now consider the k < case. When c = 0, there is no solution for R in (|75|). Let us 
define another function G(R, c) as follows: 

72 2 L/2 

G(i?, c) = 1 + — + — . (85) 

24{a<f) )3R 8 3{a<p )3R 2 

Since G(R,c) appears in the root of F(R,c) in (|79|), G(R,c) must be positive. Then since 

dG(R, c) l 2 c 2 2kl 2 



dR 3(a0 o )^ 9 3{a(f> )*R 3 

c) has a minimum 




(86) 



(87) 



when 



Therefore if 



i? 6 = -IS^fl . (88) 



c* > £ , (89) 



F(R, c) is real for any positive value of R. Since 



c 



F(0 ' C) = ^7S- (90) 



and when i? — >• oo 



2 



F(JZ, C )-^^g<0, (91) 



6ttG 

there is a solution i? in ( ff5|) if 

> -86' . (92) 

This is the same bound as in Einstein frame (previous section). 

Thus we demonstrated the complete equivalency of quantum induced inflationary (hy- 
perbolic) dilatonic brane-worlds in Einstein and string (Jordan) frames. 

Note that Eq. ( [75| ) is identical with the corresponding equation (fi3"| ) in the Einstein frame 
if we regard (a0o)^ R as the radius Re in the Einstein frame: 

R = (a0 o )"^ r e ■ (93) 

Then the solution has properties similar to those in the Einstein frame. Since b' is order N 
quantity from (|38|) , Eq. (|78|) and (|93|) might tell that the radius R in the Jordan frame is 
much smaller than the radius Re in the Einstein frame if iV is large. In case that the brane 
is sphere, the brane becomes de Sitter space. Since the rate of the expansion is given by 
in de Sitter space, the rate might become much larger if compare with that in the Einstein 
frame when N is large. Thus, even having formal equivalency, the physical interpretation of 
results obtained in Jordan and Einstein frames may be different. 
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V. BRANE- WORLD BLACK HOLES IN STRING AND EINSTEIN FRAMES 



In analogy with Randall-Sundrum model |IJ], we now consider the following classical 
action of the gravity coupled with dilaton in the Einstein frame with Lorentzian signature: 



S 



J d 5 Xy f^ (r {5) - \d,^<p - v(<j>) 



16nG 



j=hid,vis 



(94) 



Here I?hid and B vls are branes corresponding to hidden and visible sectors respectively and 
Ui((f>) corresponds to the vacuum energies on the branes in JTJ. One assumes U(4>) is dilaton 
dependent and its form is explicitly given later on from the consistency of the equations of 
motion. The dilaton potential V(<p) is often given in terms of the superpotential W(4>) : 



V 



'dW s 



D 



(95) 



We assume again cf) only depends on z and the metric has the following form: 

ds 2 = dz 2 + e^g^dxP . (96) 

Here <?y is the metric of the Einstein manifold. We also suppose the hidden and visible 
branes sit on z = z^ and z = z v i S , respectively. Then the equations of motion are given by 



4A" + 4(A') 2 + ^(<P') 2 

i=hid,vis 

A" + A(A') 2 = ke~ 2A - lv(4>) - I £ WW 



Z - Zi 



(97) 

(98) 
(99) 



j=hid,vis 



Here ' = 4-. Especially when k = 0, Eqs. (p^-|99|) have the following first integrals in the 
bulk: 



V2 



dW 



A' 



3V% 



W . 



(100) 



Near the branes, Eqs. (P7|-|9"9"|) have the following form 



6{z - , A" 



Ui(<t>) 



8(z - 



(101) 



or 
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^M, 2A'~-^>, (102) 



at z = Z{. Comparing ( 102 ) with ( |100| ), we find 

U m (<f>) = 2V2W(<j>) , C/ Vis (0) = -2^W(0) . (103) 

We should note that k = does not always mean the brane is flat. As well-known, the 
Einstein equations are given by, 

R,u - \g,uR + \^g,u = T M T tter ■ (104) 

Here T / ^ atter is the energy-momentum tensor of the matter fields. If we consider the vacuum 
solution where T / ^, atter = 0, Eq.( |104| ) can be rewritten as 

A . . 

Rp, = -^g^u ■ (105) 

If we put A = 2k, Eq.( |105| ) is nothing but the equation for the Einstein manifold. The 
Einstein manifolds are not always homogeneous manifolds like flat Minkowski, (anti-)de 
Sitter space 

dsl = -V(r)dt 2 + V-\r)dr 2 + r 2 dn 2 , V(r) = 1 - ^r 2 , (106) 



or Nariai space 



ds\ = - (sin 2 X dip 2 - d X 2 - dQ 2 ) . (107) 



but they can be some black hole solutions like Schwarzschild-(anti-)de Sitter black hole 

ds\ = -V(r)dt 2 + V-\r)dr 2 + rW, V(r) = 1 - - -r 2 . (108) 

r 6 

As a special case, one can also consider k = solution like Schwarzschild black hole, 

ds\ = g ij dx i dx j = - ( 1 - dt 2 + — —~ — r- + r 2 dtt 2 . (109) 



1 



In (|108|) and (|109 ), M is the mass of the black hole on the brane and the effective gravita- 
tional constant G4 on the 3-brane (here d — 4) is given by 

G4 G J2 hid 

In these solutions, the curvature singularity at r = has a form of line penetrating the bulk 
5d universe and the horizon makes a tube surrounding the singularity. The singularity and 
the horizon connect the hidden and visible branes. These black holes have been discussed 
in ref. |15||. 
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We now consider the Jordan frame, in order to see if singularity supports (or breaks) 
the equivalency on classical level. Using scale transformation given by (|50|) and flSll) with 
D = 5, the action (Q) is rewritten as 

S = j d 5 x^ [a4>R {5) + ^V M 0V> - -0V,0V^0 

-V{<j>) (a#) 

d 4 x^J-g( 4 ) («0) 5 Ui((f)) 



- E 



J D . 

i=hid,vis 1 



111) 



Then if we choose the metric as in (|96| ) in the Jordan frame and only depends on z again, 
we obtain the following equations instead of fl9~T|), ( p8| ) and (|99|). 



a (00" + 4A'0 + (0') : 



—r— (a0) 3 



(112) 



i=hid,vis 



a0 (4A ff + 4(A') 2 ) + f 0(0') 2 - ^(0') 2 + f (0" + A'0') 

i=hid,vis 



a0 (A" + 4(A') 2 ) + | (0" + 7A'<f>' 



= fca 0e- 2A -iy(0)( a 0)f-i ^ UiMlafiUiz-Zi). 

i=hid,vis 

If one transforms the above equations to those in the Einstein frame by changing 



(113) 



(114) 



A -> A In (a0) 

3 

_ i 

dz — > (ct0) 3 dz 

> = dz _ ( a 0)§^ 



(115) 



then Eqs.(^), Q9"E| ) and Q9lf), which are the corresponding equations in the Einstein frame, 
are reproduced. Thus we can confirm the equivalence between the Jordan frame and the 
Einstein frame description of dilatonic brane- world black holes on the classical level. Their 
physical interpretation may be again different. 



VI. DISCUSSION 

In summary, we discussed AdS/CFT induced quantum dilatonic brane- worlds where 
branes may be flat, de Sitter (inflationary) or Anti-de Sitter Universe. Actually, such objects 
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appear in frames of AdS/CFT correspondence [|J as warped compactification of relevant 
holographic RG flow f5]||. The role of free parameter (brane tension) is played by effective 
brane tension produced by conformal anomaly of QFT sitting on the brane. Hence, only 
brane quantum effects are considered. We compared the construction of such quantum 
dilatonic brane-worlds in two frames: string and Einstein one. The very nice feature of 
brane-worlds is discovered: in all examples under consideration the string and Einstein 
frames are eqiuvalent! This holds to be true also for the number of classical dilatonic 
brane-world black holes. This is completely different from the case of quantum corrected 4d 
dilatonic gravity (section 2) where de Sitter Universe with decaying dilaton exists in Einstein 
frame but does not exist in Jordan frame. 

Quantum effects may be useful in other aspects of brane-worlds. In particulary, for flat 
branes the bulk quantum effects (Casimir force) may be estimated ||T8|-f2"0|j and used for radion 



stabilization. Unfortunately, in usual Randall-Sundrum Universe such quantum effects are 
actually supporting the radion destabilization. Nevertheless, in the case of thermal Randall- 
Sundrum scenario |21] such quantum effects may not only stabilize the radion but also may 
provide the necessary mass hierarchy (at least, for some temperatures). It would be 
extremely interesting to estimate the bulk quantum effects for dilatonic backgrounds and to 
understand their role (as well as frame dependence of such Casimir effect) in the creation of 
dilatonic brane-worlds. 

Another interesting line of research is related with account of quantum effects on graviton 
perturbations around the brane. As is demonstrated in previous section, they may modify 
the massive graviton modes around hyperbolic brane. Clearly, in other regimes for quantum 
induced dilatonic (asymptotically) AdS brane more complicated dynamics may be expected. 
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APPENDIX A: REMARKS ON GRAVITATIONAL PERTURBATIONS AROUND 

HYPERBOLIC BRANE 



In [|T^,|rj], the AdS 4 branes in AdS 5 were discussed and the existence of the massive 
normalizable mode of graviton was found. In these papers, the tensions of the branes are 
free parameters but in the case treated in the present paper, the tension is dynamically 
determined. 

Let us study the role of dynamically generated tension in getting of massive graviton 
modes. Moreover, we consider dilatonic brane-world. We now regard the brane as an object 
with a tension U(4>) and assume the brane can be effectively described by the folowing 
action: 

Sbranc = ~ J^q J <^ X \f~m U i<t>) ■ ( Al ) 
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If one assumes the metric in the form of fllTf), then using the Einstein equation, we find 

SiA + 4 (O.Af = *."» + i + M _ _ „) . (A2) 

Then at z = z , 

M„ = • (A3) 

For simplicity, we consider the case of the constant dilaton potential $(0) = 0. Comparing 
(PI) with and ©, one gets 

TTf± . 12 967TG6' 

W) = -- + —• (A4) 

We should note that the tension becomes R dependent due to the quantum correction. In 
case of AdS brane k < 0, if no dilaton is included, the boundary equation (f|3|) does not have 
any solution for R. When there is non-trivial dilaton and the parameter c is large enough, 
Eq. fl43|) has a solution. If c is very large 

i? 4 ~ 4- + 86' . (A5) 
We now consider the perturbation by assuming the metric in the following form: 

ds 2 = e 2i ^ (d( 2 + (g» v + e-W V) ^dx v ) . (A6) 
By choosing the gauge conditions = and V M /i MI/ = 0, one obtains the following equation 

-«9 2 + |j (d ( Af + ^<9 2 i) V = m 2 V (A7) 

Here m 2 corresponds to the mass of the graviton on the brane 

□ ± — ) = m 2 V • (A8) 

Here is 4- dimensional d'Alembertian constructed on and the + (— ) sign corresponds 
to (anti-)de Sitter brane. Since — e A d( = dz = \fjdy and e A = we find, especially for 
the case of the constant dilaton potential, 



C = -/WMP (A9) 



V 2 



We now consider the case that c is very large, then 



6y 2 

/ y) ~ ^- • (Aio) 
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Since y = R 2 if there is a brane at y = yo, Eg. (|A~5|) can be rewritten as 



7TG 



(All) 



If we choose ( = when y = y , Eqs. (|A9[) and ( |A1(J| ) give 



ICI = -rWoV 5 + Co, Co = ^^o 5 >o. 



(A12) 



Note that the brane separates two bulk regions corresponding to ( < and ( > 0, respec- 
tively. Since y takes the value in [0, y ], ( takes the value in [— Co> Co]- Since A = ^\ny, from 
]), one gets 



-9? 



1 



^(C)J v 



m 2 /i 



4 (ici -cor 

The zero mode solution with m 2 of ( A13 ) is given by 

V = \/(o - ICI • 

The general solution of ( |A13| with m 2 7^ is given by the Bessel functions: 



h 



aJ (m ((0 -\(\)) + bN (m(( -\C\)) 



(A13) 



(A14) 



(A15) 



The coefficients a and b are constants of the integration and they are determined to satisfy 
the boundary condition 



1 

2Co 



(A16) 



Note that zero mode solution ( |A14| ) satisfies this boundary condition ( |A16| ). If b ^ 0, the 
solution in (|A15|) diverges at C = ±Co and would not be normalizable. If b = 0, the condition 
( |A16|) reduces to 



that is 



Ji(mCo) = , 



mCo = 0, 3.8317..., 7.0155..., 



(A17) 



(A18) 



The non-vanishing solutions for m 2 give the mass of the massive graviton modes. Thus, 
these results indicate that 4d dilatonic gravity on quantum induced hyperbolic brane may 
be trapped near the brane. 

Since Co is given by yo in ( |A12| ) and y is expressed by ( |A11| ), with the help of b', 
which comes from the quantum correction and is negative, the quantum correction makes Co 
smaller and increases the massive graviton mode mass m. It would be of interest to discuss 
graviton/dilaton perturbations around asymptotically hyperbolic brane in other regimes and 
to compare the corresponding predictions in different frames. 
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